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I. INTRODUCTION
For long time the investigation about entanglement and non-locality has been limited to quantum systems of small size [1] . Theoretical and experimental works on Bell's inequalities have been devoted to the study of single particle states, in which dichotomic measurements have been performed [2] . Non-locality tests have been achieved with single photon states, produced by parametric down conversion, by detecting polarization correlations [3] [4] [5] . More recently the violation of Bell's inequality has been performed with a larger number of photons: on GHZ [6] and cluster states [7] up to 4 photons. On the other hand, the possibility of observing quantum phenomena at a macroscopic level seems to be in conflict with the classical description of our everyday world knowledge. The main problem for such observation arises from the experimental difficulty of sufficiently isolating a quantum system from its environment, i.e., from the decoherence process [8] . An alterative approach to explain the quantum-to-classical transition, conceptually different from the decoherence program, has been given, very recently, by Kofler and Brukner, along the idea earlier discussed by Bell, Peres [9] and others. They have given a description of the emergence of macroscopic realism and classical physics in systems of increasing size within quantum theory [10] . They focused on the limits of the quantum effects observability in macroscopic objects, showing that, for large systems, macrorealism arises under coarse-grained measurements. More specifically they demonstrated that, while the evolution of a large spin cannot be described classically when sharp measurement are performed, a fuzzy measurement on a large spin system would induce the emergence of the Newtonian time evolution from a full quantum description of the spin state. However, some counterexamples to such modelization have been found later by the same authors: some non classical Hamiltonians violate macrorealism despite coarse-grained measurements [11] . One example is given by the time-dependent Schrödinger catlike superposition, which can violate macrorealism by adopting a suitable "which emisphere" measurement. Therefore the measurement problem seems to be a key ingredient in the attempt of understanding the limits of the quantum behavior of physical systems and the quantum-to-classical transition question. As a further step, Kofler, Bruic and Brukner also demonstrated [12] that macrorealism does not imply a continuous spatiotemporal evolution. Indeed, they showed that the same Schrödinger catlike non-classical Hamiltonian, in contact with a dephasing environment does not violate any longer a Leggett-Garg inequality, while it still presents a non-classical time evolution. In a recent paper Jeong et al. [13] contributed to the investigation about the possibility of observing the quantum features of a system when fuzzy measurement are performed on it, finding that extremely-coarsegrained measurements can still be useful to reveal the quantum world where local realism fails.
In this context, the possibility of obtaining macroscopic quantum systems in laboratory has raised the problem of investigating entanglement and non locality in systems in which single particles cannot be addressed singularly. As shown in Ref. [14] , the demonstration of non-locality in a multiphoton state produced by a nondegenerate optical parametric amplifier would require the experimental application of parity operators. On the other hand, the estimation of a coarse grained quantity, through collective measurements as the ones proposed in Ref. [15] , would miss the underlying quantum structure of the generated state, introducing elements of local re-alism even in presence of strong entanglement and in absence of decoherence. The theoretical investigation on a multiphoton system, obtained via parametric down conversion, has been also carried out by Reid et al. [16] . They analyzed the possibility of obtaining the violation of Bell's inequality by performing dichotomic measurement on the multiparticle quantum state. More specifically, in analogy with the spin formalism, they proposed to compare the number of photons polarized "up" with the number of photons polarized "down" at the exit of the amplifier. The result of this comparison could be either (+1) or (-1) hence the measurement on the multiphoton state turned out to be dichotomic. In such a way Reid et al. revealed a small violation of the multiparticle Bell's inequality even in presence of losses and quantum inefficiency of detectors. It's worth noting that this violation presents a fast decreasing behavior as a function of the generated photons number. In a recent paper, Bancal et al. [17] have discussed different techniques for testing Bell's inequalities in multipair scenarios, in which either at Alice's and Bob's site a global measurement is performed. They distinguished between two cases: distinguishable, i.e. independent, and indistinguishable, i.e. belonging to the same spatial and temporal mode, photon pairs. They found that while the state of indistinguishable pairs results more entangled, the state of independent pairs appears to be more nonlocal.
In the present manuscript, we investigate the macroscopic-macroscopic state generated by high gain spontaneous parametric down-conversion. The possibility of observing quantum correlations in macroscopic quantum systems through dichotomic measurement will be analyzed, by addressing two different measurement schemes, based on different dichotomization processes. More specifically, we will investigate the persistence of non-locality in an increasing size n 2 -spin singlet state by studying the change in the correlations form as n increases, both in the ideal case and in presence of losses. At last, experimental observation of macro-macro correlations will be reported. The results obtained enlighten that dichotomic fuzzy measurements lack of the necessary resolution to characterize such states and show the extreme difficulty to observe quantum non-locality in this experimental configuration.
Let us give a brief outline of the paper. Section II is devoted to the introduction of the analyzed quantum system. In Section III, we describe two different types of dichotomic measurements on multiphoton states: the orthogonality filtering (OF) and the threshold detection (TD). In Section IV we present the results of the numerical simulations of the correlations between dichotomic measurements carried out on the multiphoton fields produced via spontaneous parametric down conversion. We report the theoretical interference fringepatterns for singlen 2 states, we observe a transition from the sinusoidal pattern of the spin-1 2 into a quasi-linear pattern by increasing the number of photons of the spin state. According to this behavior we observe a progressive decrease in the amount of the violation as also predicted in Ref [16, 17] . As following step, we estimate the correlation after propagation over a lossy channel. We then analyze the response of the system to the two dichotomic measurements reported in Sec.III, discussing the feasibility of a CHSH test with these detection strategies. Finally, Section V is dedicated to an experimental test of the previous results.
II. MACROSCOPIC QUANTUM STATE BASED ON HIGH GAIN SPONTANEOUS PARAMETRIC DOWN-CONVERSION
The investigation on the micro-macro transition will be performed on a paradigmatic physical system: the optical parametric amplifier working in a high gain regime. The quantum state produced in a low gain regime has been experimentally realized and deeply studied in the past few years [19, 20] . We are now interested in analyzing the behavior of such quantum system when the number of photons is increased and it undergoes a fuzzy measurement, in which the generated particles cannot be addressed singularly, but a dichotomic measurement is performed on the overall state. More specifically, the radiation field under investigation is the quantum state obtained by spontaneous parametric down-conversion (SPDC) with an EPR type-II source [19, 21] , whose interaction Hamiltonian is:
andb † π are the creation operators corresponding to the generation of a π-polarized photon on spatial modes k A and k B , as sketched in Fig.1 , and χ is the constant describing the strength of the interaction. The adoption of the single mode interaction Hamiltonian H int to model the SPDC source is valid since in our experimental setup, described in Sec.V, spatial and spectral filtering are performed on the generated field. A detailed analysis of the model taking into account a broadband pump pulse can be found in reference [22] . The output state reads [18] [19] [20] :
where Γ = tanh g and C = cosh g; g = χt is the nonlinear gain (NL) of the process. Hence, the output state can be written as the weighted coherent superposition of singlet spinn 2 states |ψ − n . As said, this EPR source has been already studied in different gain regimes. First, Kwiat et al. [21] exploited the polarization singlet-state emitted in the single-pair regime to obtain the violation of Bell's inequalities. Subsequent works studied the multi-photon states generated in a high gain SPDC source. Eibl. et al. [23] experimentally demonstrated four-photon entanglement in the (Color online) Scheme of the macroscopicmacroscopic source and of the detection apparatus. The multiphoton fields on the two spatial modes of an EPR source are analyzed in polarization with dichotomic measurements, where the +1 value is assigned if nπ > nπ ⊥ , and −1 otherwise. Finally, coincidences between the two apparata are considered.
second-order emission state of the SPDC source, by taking the four-fold coincidences after the two output modes of the source were splitted by 50-50 beam-splitters. A generalized non-locality test [24] was also successfully performed in this configuration. A similar scheme was subsequently exploited by Wieczorek et al. [25] to experimentally generate an entire family of four-photon entangled states. The presence of polarization-entanglement in the multi-photon states up to 12 photons has been proved by studying the high losses regime where at most one photon per branch was detected [19] . The density matrix of this two-photons state was analytically derived and experimentally investigated in a more recent work [20] , where it has been demonstrated that it coincides with the one of a Werner state (WS), i.e., a weighted superposition of a maximally entangled singlet state with a fully mixed state. Simon and Bouwmeester [18] derived a criteria to quantify the entanglement of the multiphoton states produced by a high gain SPDC source by measuring the Stokes parameters of polarization of the beams A and B. For a high efficiency detection observation of entanglement was predicted. However, no experimental demonstration of entanglement and non-locality has been given in the multi-photon regime where the generated state does not undergo to a controlled lossy detection scheme.
III. DICHOTOMIC MEASUREMENTS ON MACROSCOPIC STATES
In the context of the investigation on entanglement and non-locality between macroscopic systems, Bell's inequalities have been generalized to many particle regimes. Among various strategies, several possible extensions of dichotomic measurements in the macroscopic regime have been presented [16, 17] . By these methods, CHSHtype inequalities can be exploited in order to perform non-locality tests also in many-particle collective states.
In this section we analyze two possible kind of dichotomic measurements on macroscopic states, based on photon counting and signal processing techniques. The first technique is based on the Orthogonality-Filter (OFilter) device [26, 27] , which has already been used to test experimentally the entanglement between a microscopic and a macroscopic field. This method has several analogies with the detection strategy presented in Ref. [28] and attributed to a biological "human eye" detector. The second technique is a threshold dichotomic detection scheme, whose action is independent on the input state and hence can be fairly exploited for a Bell's inequalities test. Only those pulses containing a sufficiently high photon number can be detected due to the threshold response of the apparatus. Then, a dichotomic assignment is performed on the measurement outcomes. (c) Response of "biological" detectors, which are sensible to the impinging field only if the photon number exceeds an intrinsic threshold k.
A. Orthogonality Filtering
The first dichotomic measurement technique we analyze in this section is based on the O-Filter (OF) device introduced in [26, 27] . In these papers the detection method allowed to discriminate among two macro-
, obtained by the collinear parametric amplification of single-photon states with equatorial polarization { π φ , π φ ⊥ }, defined as π φ = 2 −1/2 π H + e ıφ π V , by exploiting the difference in their photon number distributions. We utilize now this technique in a different experimental framework. Let us now give a formal description of this measurement technique in the POVM framework. First, the incident radiation is analyzed in polarization by a couple of photon-number resolving detectors on each spatial mode {k A , k B }. In the ideal case, this measurement corresponds to the projection of the impinging field onto the Von Neumann operators:Π n,m = |nπ, mπ ⊥ nπ, mπ ⊥ |, where |nπ, mπ ⊥ represents a quantum state with n photons with polarization π and m photons with polarization π ⊥ . Subsequently, the dichotomization of the measurement corresponds to assign the value (+1) if n π − m π ⊥ > k, (-1) if m π ⊥ − n π > k, and (0) otherwise ( Fig.2-(a) ). This choice of the detection scheme corresponds to the POVM operators:
The discarded outcome ( gray (0) region in Fig.2 -(a)) turns out to be state dependent. This property, as we shall see later, renders this kind of dichotomic measurement not fair for applications in Bell's inequalities test.
B. Threshold detection
We now introduce a different dichotomic measurement method which is based on a threshold detection scheme. Let us consider the following apparatus. As in the OF case, the incident field is analyzed in polarization on each spatial mode by photon-counting detectors, and the Von Neumann operators that describe this intensity measurement are again theΠ n,m projectors. The dichotomization of the measurement then proceeds as follows ( Fig.  2-(b) ). The (+1) outcome is assigned when the threshold condition n π + m π ⊥ > h is satisfied and when n π > m π ⊥ . Analogously, the (-1) outcome is assigned in the opposite case n π < m π ⊥ conditionally to the threshold condition: n π + m π ⊥ > h. If n π = m π ⊥ , one of the two outputs (±1) is randomly assigned with equal probability p = 1/2. The POVM operators that describe the measurement can then be written in the form:
This scheme has the peculiar property of selecting an invariant region of the Fock space with respect to rotations of the polarization basis. More specifically, let us consider the case in which the measurement is performed choosing a polarization basis π, π ⊥ . With that choice, all the pulses for which n π + m π ⊥ ≤ h are not detected. Rotating the basis to π ′ , π ′ ⊥ , the undetected part of the wave function still corresponds to the application of the same threshold condition in the new basis n π ′ +m
Hence, the filtered Fock-space region is independent on the choice of the polarization basis but is a function only of the threshold h, which is an intrinsic property of the detection apparatus. This feature is the main difference with the OF device discussed in previous section, and renders the TD based detection strategy feasible for its implementation in Bell's inequalities tests.
IV. BELL'S INEQUALITIES BETWEEN MACROSCOPIC PHOTONIC STATES GENERATED BY HIGH GAIN SPONTANEOUS-PARAMETRIC DOWN-CONVERSION
In this section we perform a theoretical investigation on non-locality in a specific macroscopic quantum system analyzed with the threshold detection apparatus previously introduced. Specifically, we investigate the quantum correlations between the fields associated to modes k A and k B of the state of Eq.(1) by using the dichotomic measurements described in the previous section. More specifically, we derive the interference fringe pattern obtained by varying the polarization analysis basis on mode k B . As a first step, we consider individually the singlet spinn A. Interference fringe pattern on singlet spin-
We begin our analysis on the macroscopic-macroscopic state by evaluating the correlations existing between the two spatial modes of the spinn 2 singlet states (Eq. (2)). We use a pure dichotomic measurement scheme, where the (+1) and (-1) outcomes are assigned whether the difference in the number of photons with two orthogonal polarization is positive or negative. Finally, if the detected difference in the number of photons is 0, one of the (±1) outcomes is randomly assigned to the event with equal probability p = 1/2. We note that this choice is a subcase of the threshold detection and O-filtering methods introduced in the previous Section, corresponding to the values h = 0 and k = 0. progressively transforms into a linear pattern. In all figures, black continuous line corresponds to the coincidences of both the (+1,+1) and (-1,-1) outcome configurations, while red dashed line corresponds to the (+1,-1) and (-1,+1) outcomes on the two spatial mode. Note that the maximum for each fringe is 0.5, which is the probability to obtain one of the two possible anti-correlated outcomes (∓1, ±1).
The scheme for evaluating the correlations is sketched in Fig. 1 . The two spatial modes of the |ψ − n are analyzed with the dichotomic measurement apparatus here described. The polarization's basis on mode k A is fixed on { π + , π − }, while on mode k B the analysis basis is varied over the Bloch sphere. In particular, due to the SU(2) symmetry of the emitted states, it is sufficient to consider only the linear polarizations case, defined by the rotation: π θ = cos θ π + + sin θ π − . The fringe patterns are then obtained by evaluating the coincidences between the outcomes of the two detection apparatus on modes k A and k B . More specifically, this measurement corresponds to the evaluation of the averages:
The calculation of this measurement has been analytically performed by expressing the singlet spinn 2 states of eq.(2) in the analyzed polarization basis:
with α θ = cos θ, β θ = sin θ and C 
The extension of the sums over m and p depends on the choice of the outcome on each spatial mode according to the definitions of Eqs. (3) (4) (5) and (6) (7) (8) .
In Fig.3 we report the results obtained for different values of the number of photons n. The simplest case, corresponding to a spin-1 2 state, presents the well-known sinusoidal pattern, as shown in Fig. 3-(a) . The sinusoidal pattern is responsible for the violation of Bell's inequalities as no classical system can present this dependence from the phase θ. For progressively higher values of n, as shown in Fig. 3-(b-d) , the fringe pattern changes its dependence from the phase from a sinusoidal to a linear form. The latter represents the typical response of a pair of classicaly anti-correlated spin-J systems, analyzed through a dichotomic "which emisphere" measurement [29, 30] , i.e. the measurement of the angular momentum sign. Such detection scheme is completely analogous to the dichotomic strategy analyzed in this section.
The transition with increasing n towards a classical response for the singlet spinn 2 can be explained observing that the chosen dichotomic detection scheme is no more sufficient to fully characterize the singlet spin states of increasing size n > 1. This measurement lacks of the necessary resolution [31] to observe the peculiar quantum properties of these states. In other words, this measurement scheme is not sufficient to fully extract the information encoded in the polarization anti-correlation of the singlet spin states. Their characterization would require a more sophisticated detection apparatus able to discriminate the value m of the spin projection, i.e. in our case the difference in the orthogonally polarized photon number, and not only its sign. An example of such measurement [9] is given by the parity operator
The correlation between the two spatial modes of the singlet spinn 2 states evaluated with this measurement operator leads to the following expression:
This correlation function violates a CHSH inequality of an amount S CHSH = 2.481 > 2 [9] even in the asymptotic limit of large number of particle (n → ∞). However, such scheme based on the parity operator requires a sharp photon number measurement in order to discriminate with unitary efficiency among contiguous values of the spin projection. As a further analysis, let us plot (Fig.4) 
, which corresponds to the ratio between the interference fringe pattern of the macro-macro configuration and a linear function of θ. The choice of the curve L(θ) as a reference is motivated by the following consideration. The evaluation of the CHSH parameter in a system characterized by the linear response leads to the maximum value in a classical framework S CHSH = 2. Hence, this function L(θ) can be considered as the boundary between the "classical" and the "quantum" regions, since it represents the response of two classical anti-correlated systems to this test. In Fig.4 , we note that the ratio D In conclusion, the increase in the number of photons renders the dichotomic measurement inefficient for the complete characterization of the state, and the decreased correlations become more similar to classical ones.
B. Propagation over a lossy channel
Decoherence in macroscopic systems represents the main cause for the impossibility of observing quantum phenomena in every-day life and for the realization of quantum experimental schemes. In the previous section we described a correlation experiment based on dichotomic detection in an ideal setup, where both the transmission channel and the detection apparatus possess unitary quantum efficiency. However, in real setups loss in both stages must be considered. Hence, the investigation on the effects of decoherence allows to understand both the transition from the quantum to the classical world and the feasibility of the schemes here presented in order to violate the Bell's inequalities.
To this end, we introduce a beam-splitter model [32, 33] to simulate losses phenomena on the macroscopic field here analyzed. In particular, the analysis has been performed for any singlet spinn 2 state which, in the decoherence-free case, exhibits the transition from a sinusoidal interference pattern (n = 1) to an asymptotic linear interference fringe pattern (n ≫ 1). Again, the detection scheme used is a pure dichotomic measurement apparatus (corresponding to the threshold detector and a O-Filter with h = k = 0). As the measurement operators of Eqs. (3) (4) (5) (6) (7) (8) are linear combination of Fock-state projectors, the lossy channel can be simulated numerically. More specifically, our calculation is divided in the following steps. First, for a set of angles θ of the analysis basis on spatial mode k B , we calculated the coefficients of the state ǫ n m,p (θ) defined in Eq. (11) . As the measurement operators are diagonal in the Fock basis, the results of the measurement depend only on the diagonal part of the density matrix after losses. Furthermore, the map that describes the lossy process, i.e.
, maps diagonal elements in diagonal elements of the density matrix. All these considerations allow us to focus our numerical analysis on the diagonal part of the density matrix. The numerical simulation proceeds as follows. Let us for example focus our attention on the (+1,+1) joint outcome. The coefficients of the distribution |ǫ 
The same procedure is applied for the other three outcomes of the joint dichotomic measurements. The results of the simulation for different values of the channel transmittivity η are reported for a fixed value of n = 51 in Fig.5 . As the efficiencies of the channel and the detection scheme decrease, the linear fringe patterns progressively evolve into sinusoidal ones, at the cost of a smaller value of the visibility. state for n = 51. The effect of the lossy channel is the progressive lowering of the visibility, while the dependence on the phase changes from a linear to a sinusoidal pattern.
C. O-Filtering and Threshold detection in a lossy regime
The analysis performed on the correlations present in the singlet spinn 2 states has been focused on the detection by a pure dichotomic scheme. We are now interested in observing the effects of more sophisticated POVM measurements, as the threshold detection or the O-filtering methods introduced in Section III. In particular, we analyze how both the visibility and the form of the fringe pattern are modified exploiting this different measurement schemes. The main idea beyond this approach concerns the possibility of beating the losses effects on the macro-macro correlations, by using a more sophisticated measurement than a pure dichotomic one.
We first analyze the correlations obtained by the OFiltering detection scheme, introduced in Section III A. The fringe pattern can be calculated by evaluating the average:
We performed a numerical simulation, in order to consider also the transmission over a lossy channel, with a procedure analogous to the one described in the previuos section. We report in Fig.6 the fringe pattern obtained for the n = 51 singlet states for two values of the channel efficiency. We note that, as the OF threshold k is increased, the tails of the fringe pattern are damped, while the form of the fringe around the peaks remains unchanged. Furthermore, both the minimum and the maximum of the fringes are lowered by this filtering procedure. To understand the advantage of this measurement scheme with respect to the pure dichotomic case, we analyze in Fig.8 the trend of visibility of the fringe pattern as a function of the threshold. We note that, for increasing k, the visibility is increased by the filtering process. This advantage obtained by exploiting the O-filtering measurement can be explained by the following considerations. In absence of losses, the visibility of the fringe pattern is always unitary, as the analyzed state presents perfect polarization anti-correlations. After the transmission over a lossy channel, the binomial statistics added to the photon number distribution is responsible for the partial cancellation of this property. More precisely, if the difference between n π and m π ⊥ on any of the two spatial mode is little, losses may invert the outcome of a dichotomic measurement, i.e. for example the (+1) outcome may be converted to the (-1) outcome if unbalanced losses occur in that specific event. Such a process can generate the occurrence in the joint measurement of a result with positive correlations, i.e. (+1,+1) or (-1,-1) , where in the decoherence-free case only anti-correlations are present. Thus, the visibility of the fringe pattern can be reduced by the presence of losses. However, to invert the outcome of matrix elements with n π − m π ⊥ = q ≫ 0, a strongly unbalanced losses in a single shot for the two polarization modes must occur. This event has a decreasing probability as the difference q becomes larger. Since the O-filter device selects these zones of the Fock space which present such unbalancement, the outcome inversion becomes practically neglible and the visibility of the fringe pattern progressively returns unitary as the threshold k is increased. Let us now consider the second POVM dichotomic measurement under investigation, the threshold detection TD. The interference fringe pattern with this measurement scheme can be calculated as:
In this expression, as before, the average is evaluated over the density matrix of the state after the numerical simulation of the lossy channel. In Fig.7 we report the form of the fringe pattern for n = 51 and two different values of the transmittivity of the channel. As the threshold h is increased, we note that the TD device is responsible for the progressive return of the fringe patterns to their original form in absence of losses, i.e. for high values of n an approximately linear form. This behaviour can be explained as follows. While the original singletstate has a well definite number of photons, the lossy channel reduces the number of photons to an average of η n , with Poissonian fluctuations. At the measurement stage the threshold h in the TD device neglects ( Fig.2-(b) ) the sectors of the Fock-space corresponding to a low number of photons. As h approaches the value h = n, only the events in which the original singlet state travels undisturbed in the channel (with probability η 2n ) are selected, thus restoring the original correlation. We then analyze the effects of this measurement scheme in the visibility of the fringe pattern in Fig.8 . We note that this quantity increases with a slower rate with respect to the OF apparatus. Differently from the O-filtering case, on each spatial mode the zones of the Fock space in which n π − m π ⊥ is small are not filtered out, and the increase in the visibility is then much slower with the threshold h. However, also with the TD apparatus the visibility reaches asymptotically the unitary value, since as said for a threshold h = n only the original singlet state, having unitary visibility, is detected.
The analysis carried in this section than shows that both the OF and the TD detection strategies can be used to enhance the fringe pattern visibility in lossy conditions for the singlet spinn 2 states. A comparison between the two schemes shows the better enhancement achievable with the OF device. In Sec.IV D, we shall discuss in details the feasibility of a CHSH test with such measurements. The black straight curve corresponds to the TD detection scheme, while the red dashed line to the OF apparatus. In both cases, the success probability is calculated as the sum of the rate for the two conclusive outcomes (+1) and (-1).
D. Investigation of non-locality with a CHSH-type inequality
In the previous paragraphs of this Section we reported the interference fringe pattern obtained evaluating the correlations between singlet spinn 2 states both in absence and in presence of experimental imperfections. The scheme here presented can be exploited to perform a CHSH test [2] to investigate non-local effects in these multiparticle states.
Let us briefly summarize in the light of a local hidden variable (LHV) theory the content of Bell inequalities for a set of dichotomic observables, by generalizing further the results already obtained by Reid et al. [16] . Consider a quantum state described by the density matrix ρ defined in the Hilbert space H 1 ⊗ H 2 . DefineÔ The existence of a LHV model implies that the expectation values of the a and b are predetermined by the value of the parameter λ: {X a , X a ′ , X b , X b ′ }, hence the product a · b is equal to X a (λ)X n (λ). For a fixed value of λ the variables X n with n = {a, b, a ′ , b ′ } take the values −1, 1 and satisfy the CHSH inequality:
The same inequality holds by integrating this equation on the space of the hidden variable (λ):
where P (λ) is the measure of the λ probability space. If there is a local hidden variables model for quantum measurement taking values [−1, +1], then the following inequality must be satisfied by the measured mean values:
The violation of (19) proves that a LHV variables model for the considered experiment is impossible.
In our case, the positive operatorsÔ i a(b) are given by the dichotomic measurement operators
π,π ⊥ (0) . In order to theoretically investigate the feasibility of a CHSH test on the spinn 2 states, we evaluated the S CHSH parameter in such system. The value of the S CHSH has been numerically maximized over the measurement angles {θ,
] the polarization basis. In Fig.9 we report the results obtained for different values of the number of photons, and hence the spin, of the analyzed state. We observe the decrease in the absolute value of S |ψ − n CHSH analogously to what reported in [16, 17] for an equivalent Bell's inequalities test. However, the asymptotic behavior for high n shows that the parameter S CHSH never falls below the classical limit, but the amount of violation progressively becomes smaller and any decoherence process may forbid its experimental observation. states for an optimal choice of the angle settings and the dichotomic "majority-voting" measurement. We observe the progressive decrease in the amount of violation for an increasing value of the number of photons present in the state.
We now discuss the feasibility of a Bell's inequality test when the OF and the TD detection methods are adopted in the context of Local Hidden Variables (LHV) models. This analysis is motivated by the increase in the visibility obtained with this measurement operators with respect to the pure dichotomic case. Both strategies present the POVM feature of having three possible outcomes {−1, 1, 0}, at variance with a genuine dichotomic measurement. In order to clarify the validity of a Bell test in presence of such kind of POVM's, let us consider the case in which at the A site a standard dichotomic measurement is performed, while at the B site a POVM measurement is carried out.
Consider the outcomes for which the Bob's results are different from 0. In this case the expectation value of the product of a and b is conditioned by the event: "outcome b different from zero". In a LHV model these conditional expectations are represented by:
where Ω ′ is the hidden variable probability sub-space for which, for any X b ′ (λ), is X b (λ) = 0 and dP ′ = dP/ Ω ′ dP. Similarly:
where Ω ′′ is the hidden variable probability sub-space for which, for any X b (λ), is X b ′ (λ) = 0 and dP ′′ = dP/ Ω ′′ dP. Since for different random variables X b and X b ′ these conditional expectations values can in principle refer to different subensembles Ω ′ and Ω" of the original ensemble Ω, in general the equation (18) doesn't hold any more and the measured quantity, based on the detection of conditional values, is:
Let us consider the class of LHV models such that, for a fixed value of λ, simultaneously is: X b (λ) = 0, X b ′ (λ) = 0. In this case the inequality (17) still holds since it becomes:
where Ω * is the hidden variable probability common subspace for which X b (λ) = 0 and X b ′ (λ) = 0. With reference to our experimental situation, let us now make an auxiliary assumption implying that the probability of rejecting a measurement does not depend on the hidden parameter λ and on the measurement settings, i.e. Ω ′ = Ω ′′ = Ω * [34] . In this case the experimentally observed quantity (22) will follow the LHV inequality (23) , and its violation implies the non-locality of the considered system. While for what concerns the OF based strategy this assumption on the LHV is a strong one, in the TD case it is legitimated by the fact that the Hilbert subspace leading to a conclusive outcome is invariant under any rotation of the polarization basis since data are excluded depending only on the overall number of photons. In other words, when an event leads to a (±1) outcome for a specific choice of the measurement basis, it would correspond to a conclusive outcome if measured in another basis. This scenario is exactly the same encountered in any two-photon Bell inequality test and hence requires a fair sampling assumption.
To conclude the discussion, we briefly analyze the advantages of the two POVM schemes presented here in terms of the achievable violation of the CHSH inequality S CHSH − 2. In the OF case, we expect that the fast increase in the visibility may lead to an increase in the amount of violation with respect to the pure dichotomic measurement. In the TD case, as already discussed in the previous section, the effect of the threshold h is the restoration of the original correlations present in the |ψ − n state before the lossy channel. This means that the value of the S CHSH parameter reaches for h = n the maximum value S |ψ − n CHSH , reported in Fig.9 , and the amount of achievable violation becomes practically negligible for large n.
E. Spontaneous Parametric Down Conversion:
interference fringe pattern
The following step of our theoretical analysis is the investigation on the interference fringe pattern obtained by the process of spontaneous parametric down conversion exploiting the dichotomic measurement schemes presented in Sec.III. As already stressed in Eqs. (1-2) , this optical source generates a quantum superposition of the singlet spinn 2 states. We performed the same calculation of Sec.IV C in order to analyze both the form of the interference fringe pattern and the trend of the visibility when the two dichotomic measurements (OF and TD) were exploited at the detection stage.
We then report in Fig.10 the form of the fringe pattern for the SPDC output state in presence of losses, with g = 2.5 and η = 0.5. Analogously to what observed for singlet spin states, the effect of the two measurement devices is different. On one side, the O-filtering technique is responsible for a smoothing of the fringe pattern tails, while on the other side, the Threshold Detector leaves the form of the fringe pattern unaltered.
To conclude the analysis of this section, we report in Fig.11 the trend of the visibility of the fringe pattern as a function of the success probability of the two dichotomic measurement devices. A comparison between the technique shows the faster increase of the visibility in the OF case ( Fig.11-(a) ) with respect to the TD one ( Fig.11-(b) ) The cost of this faster increase in the visibility is a loss in the universality of the device, since the Threshold Detector selects a regions of the Fock space which is invariant under rotations of the polarization basis, at variance with the O-filter.
V. EXPERIMENTAL OBSERVATION OF CORRELATIONS IN HIGH GAIN SPDC
In order to complete our analysis on the correlations connecting a macro-macro state obtained via high gain optical parametric amplification, we have experimentally investigated the conceptual scheme presented in the previous sections. We have generated a multiphoton state through an EPR source and we have performed dichotomic measurement via O-Filter (OF) and Threshold Detector (TD) upon it. In this section we report the experimental interference fringe patterns observed for the spontaneous field generated by the high gain OPA working in a non collinear configuration. As a first step we shall characterize the OPA in a high gain regime, by evaluating the non linear gain of the amplifier and by reporting the generated field fringe pattern visibility as a function of the gain. Then, we shall investigate the features of the multiphoton field through the two measurement strategies studied in Sec. III.
Let us now describe the experimental setup shown in Fig.12 . The excitation source was a Ti:Sapphire Coherent Mira mode-locked laser amplified by a Ti:Sapphire regenerative RegA device operating with repetition rate 250 kHz. The output beam, frequency-doubled by second-harmonic generation, provided the OPA excitation field beam at the UV wave-length (wl) λ = 397.5 nm with power 600 mW on mode k P .The SPDC source was a BBO crystal cut for type-II phase-matching, working in a non-collinear configuration [21] , in a high gain regime. The evaluated non linear gain is g = 3.49 ± 0.05 corresponding to the generation of an average number of photons per mode of n ≈ 270 per pulse, corresponing to an overall average value of n ≈ 540 on each spatial mode.
The multiphoton fields on modes k A and k B were filtered by 1.5 nm interferential filters (IF) and coupled by single mode fibers. The signals were then attenuated, analyzed in polarization and detected by single photon SPCM detectors (not shown in Fig.12 ).
FIG. 12: (Color online)
Experimental setup for the generation and detection of a bipartite macroscopic field. The high laser pulse on mode kP excites a type-II EPR source in the high gain regime, i.e. g = 3.5. The two spatial mode kA and kB are spectrally and spatially selected by interference filters (IF) and single mode fibers. After fiber compensation C, the two modes are analyzed in polarization and detected by four photomultipliers (PA+,PA−,PB+,PB−). The signals are then analyzed electronically to perform either the threshold dichotomic detection described in the paper or the Orthogonality filtering detection technique. Finally, the coincidences between the measurement outcomes are recorded to obtain the desired interference fringe patterns.
In order to characterize the source, we performed a set of preliminary measurements exploiting a SPCM detector on both spatial modes, deliberately attenuating the generated in order to have only few photons incident on the detector. First, we measured the non-linear gain of the amplifier studying how the detected signal is increased by varying the power of the incident pump beam on the crystal. In Fig.13 we report the counts registered on mode k A by a SPCM detector as a function of the normalized UV power signal. The evaluation of the NL-gain has been performed as shown in Ref. [19] , and, as said, we found g = 3.49 ± 0.05. As a further investigation on the multiphoton field features, we registered the coincidences between the signals on mode k A and k B , as a function of the phase ϕ, that represents the variation of the polarization analysis basis on Bob site, i.e. π ϕ = π H + e iϕ π V . Both fields are detected by two SPCM at Alice's and Bob's sites. Again, the signals were attenuated in order to have few photons incident on the detectors, in order to work in a linear response regime for the SPCM. The visibility of the obtained fringe patterns as a function the NL-gain is shown in Fig. 14 . As stressed in [19] , the trend of visibility decreases as the gain increases, this is due to losses and to limited detectors photon number resolution. The decrease of visibility below the theoretical asymptotic value of 33% is due to the multimodal operation of the amplifier, although, differently from what is reported in [19] , we observe a value we report the counts of an SPCM detector on mode kA versus the normalized UV power, defined as Iin/Imax. The red curve reproduces the best fit of the experimental data, the expected trend function is reported in [19] .
of visibility that remains above 15% as far as the NL-gain reaches the value of 3.5, while in [19] the visibility seems to fall below 15% for gain values higher than 2. In this Section we report the observation of the fringe patterns obtained by the O-Filtering measurement strategy illustrated in Sec.III-A. The multiphoton fields at Alice's and Bob's site are analyzed in polarization and detected by two photomultipliers (PMs), (P A+ , P A− ) and (P B+ , P B− ) respectively. This devices produce on each pulse a macroscopic output electronic current, whose amplitude is linearly proportional to the number of incident photons. 
. We report in figure 15 the corresponding fringe patterns obtained in the {π + , π − } basis, analogous results are observed in the {π R , π L } and {π H , π V } basis, due to the irrotational invariance of the generated multiphoton state. The threshold k was set so that the percentage of data taken into account was 2 × 10 −3 of the overall sample.
For sake of completeness we report the trend of visibility as a function of the OF counts in Fig.16 . We observe an increase of visibility as the counts detected decrease. The highest visibility obtained is not enough to violate the CHSH inequality, due to the inefficiency of a dichotomic measurement performed on a multiphoton quantum state and to experimental imperfections. However, in accordance with theoretical predictions, we observe that the OF technique allows to minimize losses effects. 
B. Non-collinear SPDC analyzed with threshold detection
A further investigation on the macro-macro correlation has been carried out by performing another dichotomic measurement on the amplified states on modes k A and k B . The signals detected by the photomultipliers (P A+ , P A− ) and (P B+ The obtained fringe patterns corresponding to a detection probability equal to P = 1.6 × 10 −3 are shown in Fig.17 . Finally, a study on the obtained visibility as a function of the fraction of considered data has been carried out. We report in Fig.18 the trend of visibility versus TDs counts.
VI. CONCLUSION AND PERSPECTIVES
In this work we have reported a deep analysis on the possibility of observing quantum correlation on a multiphoton quantum system by performing probabilistic dichotomic measurements. We have addressed a specific class of multiphoton states: the ones obtained by the high gain optical parametric amplifier working in a noncollinear configuration. To this end we have introduced two kind of dichotomization processes, based on the OFiltering procedure discussed in [27] and on a threshold detection scheme similar to the naked eye discussed in [35] . It has been demonstrated that these two detection schemes reduce to a simple dichotomic measurement when their characteristic thresholds are set to 0. We have shown that such dichotomic measurement when performed on n 2 -spin states with increasing n, asymptotically allows in the ideal case the violation of CHSH Bell's inequality even for large n. The shape of correlation functions has been investigated, and we have shown that the sinusoidal correlation pattern, typical of an 1 2 -spin state, tends asymptotically to a triangular form, proper to classical correlations. When losses and decoherence are introduced the visibility of the correlation pattern is lowered and its shape turns out to be sinusoidal. In presence of losses, the violation of CHSH Bell's inequality is not allowed by a dichotomic measurement and more complicated detection schemes are required. We then discussed in terms of LHV models the feasibility of a CHSH test with the two probabilistic measurements presented in this paper.
Finally, we have shown experimentally that the measurement performed by the probabilistic dichotomic schemes, the O-Filter and the Threshold Detector, allow to obtain higher visibility of correlation functions, not enough to violate CHSH Bell's inequality, but effective to reduce losses and decoherence effects. An open question concerns the existence of entanglement criteria able to demonstrate the presence of entanglement in a "macro-macro" scenario, and the possibility of adopting the measurement devices introduced in this paper within such context.
In conclusion we believe that our analysis contributes
